N X N matrices

SU(N) SO(N)
To solve

Uty =1 0°0 = E,
detl = 1 detO =1



A.Zee: group theory in a nutshell for
physicists

* .3 Rotations and the Notion of Lie Algebra Norwegian physicist

Do what you have to do a little bit at a time Marius Sophus Lie

* An infinitesimal angle 8 (near the identity) (1842-1899)

cRO)=I+ A
Orthogonal matrix RTR =1
RIR~(U+A)U+AD)=U+A+A)=1>

A = —AT (antisymmetric) J = ( 0 1) - A = 9( 0 1)

-1 0 -1 0
v

generator of the rotation group: R=1+6J + 0(0%) = ( 1 6



. cosf sin@\ _ .
SO(2): (_ sinf  cos 9) =cosO+sinf J

l 6 -0
(o 1

R(6) = lim (R (%))N = lim (1 + %‘7)1\’ = lim (e%7 ) = et

N—o00 N—o00 N—o00

0] — Voo
etd = Yy = .
Zin=0 n! —sin@® cos@

ongn ( cosf sin 9)



Two approaches to rotation

cos@ sin 9)

1, apply tri try, t R(O =( .
apply trigonometry, we can ge (0) —sind  cos @

2, whatis left invariant?

uw =Ru,v " =Rv - u v

Lie: infinitesimal rotation -------- e = R(0)



Distance squared between neighboring points
* Check

.FP — (x,y),FQ — (f,y)
*Ax=X—x,Ay=y—y

. (AX') _ ( cosf sin 9) (AX)
Ay’ —sin@® cos 8/ \Ay

e Ax? + Ay?= Ax"? + Ay'?—> dx? + dy? = dx'? + dy'?



To higher-dimensional space

e ds? = ’ivzl(dxi)z

dx' = Rdx , requirement : ds? keep invariant.
R'R =1

detR =1: eliminate reflection



* In 3d, 3 generators:

0O 0 O 0 0 -1 0 1 O
0 -1 O 1 0 O 0O 0 O
A=06,J, + Qny + 0,J,
[]i']j] = L€ji )k R(0) = e4 = e2i9iJi ﬁ

= —i/J — hermitian
Structure constant J J

R(6) = e? = e'¥J: orthogonal matrix



Lie algebra

e R~]+ A, R"~ I + B : both infinitesimal rotation

 Consider RR'R™! — R’ : measure the lack of commutativity.

* The difference: [A,B] = AB — BA

.A:iZigi]ii B:lZJQIJ]]

Then [A,B] = iz Zl] Hi HIJ[]U]]],

[]i,]j]T = —[]i,]j], antisymmetric, ok, as a linear combination of the J,.S

Ui J;| = igijidi

The commutation relations between the generators define a Lie algebra, with
E;ji referred to as the structure constants of the algebra.



* Lie group: multiplication
* Lie algebra: commutation

As the generators: the antisymmetric matrices
C=AB, C'=B'A" =BA+ —C

The algebra does not close under multiplication, only under
commutation



In general higher-dimensional space

. (](mn))ij = —i(6mi5"j — 5"”5’”) . generators (](mn) = —](nm))
* Jimn) * mth row,nth column:1 ; nthrow, mth column: —1

elsewhere: 0

* (mn) label matrix (denote which matrix) , not matrix element :
L,j: forrow and column of Jimn)

. %N(N — 1) real antisymmetric N — by — N matrices Junn)

m: N options, n:(N — 1) options, %:double counting

Jx = J23) ]y:]31» Jz = J12



] ] - mjgni
ry it! ((f](mn))” — (6"”6"] o) )



The Lie algebra for SO(N)

* Umny Jway) = 1(8mp) (ngy + SnaJmp) = SnpJ (ma) = Sma ) )

* (1) no integer in common, =0
* (2) one integer in common, refer to SO(3)
* (3) two integers in common, = 0



The group U(N) = SU(N)

* UTU =1, - det(UTU) = det(UT) det(U) = det(U)" det(V) =

det(U)|? = 1
e det(U) = e'®@

S: special — det(U) = 1: eliminates this dangling phase factor e'®

eld]
UN): {SU(N)

12wk 12tk

Strictly, U(N) = (SU(N)/Zy)QU(1), - det(eTl =1,but e n [ c U(1)



U: 41F, 4t > M: JEKERE, Tl
U1+ iM SN
I+iMTU+iM)=I=>T+iM-MD+MM=1

A

MT =M

U=eM detU = 1
N

detU = dete™ = deteW ™AW = det WteAW = deteid = Hemf —eltrM — 1
j=1 @

M is traceless matrix



SU(N) :

MT =M, trM = 0
T SR AN | |
EXT I, (N?—=N)/2 *2 Traceless: 1

TG, N (523D
AT B 2N2 — (N2 =N+ N+ 1) = N2 — 1(Ji3)

Bk SRAROIE AR —FF
STATGN —1 (52, FFE) + (N2=N)/2 (AESHfI0) 2 (SZE#) = N2 -1

N =2, WL ZH 083



The structure constants of the Lie algebra

o [J = eiHaTa

a: N?—1 values

[Te Tb]t = [T”,Ta*] — [T, T?] — [T%, T?](antihermitian)
Tr([T% TP]) = Tr(TT?) — Tr(TPT%) = O(traceless)

. [Ta,Tb] — ifabCTC



* SUR)B L — o

Uip  Ug iM
u = =e
Uz1 Upp

e M4 F, EW? Complex matrix



N =2

bl _
Hermiticity: [c d] [b* d*] [ d]_M
=c*, aand d real

e Traceless: a = —d
. Ja i92]
=l L lel Vo, e,
1 .
— = — o

Pauli matrices here!



Question:

* How to check the SU(2) symmetry in a given Hamiltonian?

* How to construct a MPS with SU(2) symmetry?



e METTBH SR, A 6 = (04 0y, 0,)
FRASU(2) RERITES N T

« SUR2) HHE— 1S58 u BRI T E, TH=ANESS /NESE
8y, 8y, 8, VLI R TTAE SR, BN 1—i5-6

WA RKEZR: oy 0] = 2i0,, [0y, 0,] = 2i0y, [04,0x] = 2i0,

O- .
S = E — [SL,S]] = lEiijk



» ToT3/NERTT oy, 0y, 0, EFREATH RN K5, MREFEEsu(2).

o« su(2)ME—HF X " LS N

-

X =x0y +yo, +z0, =710, X,y,Z €R

SU(2)BETEBANT TG T AT TG — i6 - 6
S RBIITE 6.6

B —— WA isomorphic



N =3 Traceless, unitary
¢« 9% 2%(a =12, ..,8) matrices

0 1 O 0 —i 0 1 0 0
0 0 O 0O 0 O 0 0 O
0 0 1 0 0 —i
1=(0 0 o)2=(0 0 o)

1 0 0 (i 0 O

0 0 O 0 0 O . 1 0 O
A= (O 0 1),/17=<0 0 —i),/18= —(O 1 O) ---- Gell-mann matrices

0 1 0 0 ¢ O \/500—2

We have tr (0,0,) = 284, and tr (1,4p) = 284, , then U = ¢10°47/2



SO(3)EE: T8I NI =ML IETFERE 0, 2
0t0 =1,det0 =1

« 5 EIRSRPL, F I8 BAL T RIRZITHISO (3) T

WM e I3/ = SEREEE,  BIM E’Jt/\%ﬁfﬁiﬂz%‘ﬁ 313 RNl
SE, WSETIF LT RSO B)#Ftic/Fl + M. HIEAZSR ﬁﬁ

Mt= —-M

\

\

= AE S [RIRNL B SO RR AR [ ] By

0 0 0 0 0 —1
Je=(0 0 1] J,=[(0 0 0| 4,
0 -1 0 1 0 0

|
A7 N
oLo
S O
S OO
~—~—



B R R KA T = UnJyo)s)

O 0 O 0O 0 i 0O ¢ O
]x=<0 0 —i),]y=<0 0 O),]Z=<—i 0 O)
0O ¢ O —1 0 O 0O O O
SO(3) Bk 5 st IR GBI SN T — s -]
5 HARE TSP - J—— X




SU(2) is locally isomorphic to SO(3)

o JLJE] A;

(1) 5R%h

(a) HEWENOHI A 1

2 Hpauli 5[4

=ML B

0, =

h = [hll h12
h21 h22

|

Z
X+ iy

0 —i
[

i

o)

R, 2 paulifE M) et 4

AN
=

-l

]=x0x+y0y+zazzf-5

h

ht




_hip+hyy hyr—hyp
— 2 ,y_

X

(b) HI wEFEXS h X R

!/ !/ L
_ Z x' —i L.
h=uhut=|," ., ,y =70
X + 1y —Z

U = d b u—]_ _ [a* _b]
b a —) b* a

r— -1 _ a b][ Z x—iy][a* _b]
h" = uhu [—b* o lx + iy _ b g




h=F‘5 ﬂ hlzuhu—l

roTr r' = R(u)r

B—MEM o R R ZEZEFe ,  BFE—13%3

HIFEFER (W) fife7r(x,y,2) ' (x',y',2")

R(u) =

1 B
[F@+at=p2—p?) @ —a?+b2 =) (@b +ab))

l 1
(@ —a®=b>+ b)) —(a®+a®+b*+b")  i(a’b" - ab)
\ a’b+ab” i(a"b —ab™) aa”™ — bb”



e |(2)

(a)

(b) R(w) &8N FERE

Z 1

R(uw) B
Rw)RNSHRE: rl,r #2SLEL

| = z R(uw)jn

J

- AR AN AR R R 4T 41 50

deth’ = detu -deth -detu~! =deth

deth = —z% — (x + iy)(x — iy) = —(x? + y? + z?)

deth’ = —(x"? + y'* + z'%) ﬂ



e (c) detR(u) =1

RN AT A0, X BT s R, AT SR
(a,b) EZAZNINAT,

(1,0) pu=1I,—->detR(l;) =1
oA RE KA 1 B-1 Bk AE, X T 2 & (a, b)

A detR (u) = 1
R(u) : =475 (0] IE S5 50



SU(2) covers SO(3) twice

CBASEE B AENEA

h =lu |hu!

r' =R(u) T

* but
h' =[(—u) h(—u™1D)

r' =|R(uw)|7r

—u - R(w)

2:1 HY[AZS R AR



ldentity

+exp (1) = [1 - 22 (9)" 4 O (4 - ]

+i[(5-ﬁ)z—(5.ﬁ)3(g)3 +]

2 3! 2
= 1 cos (%) + i (0 -n)sin (g)

—_—

(5-&)(5-b)=&-5+i5-(&x5)

( )n 1 forneven
‘N =49 . -
? o-n fornodd



You can check

iﬁ-ﬁa)

U= exp(
U(2r) = —1, U(4w) =1 :double covering, only locally isomorphic

» UTg U = cosaoy + sinao,
« Uto,U = —sinao, + cosao,
¢ U-I-O-BU = O3

Half angles come in to render the Lie algebra of SU(2) and SO(3)
the same !



NCESESN R

« X1 B i€ pauliZ <7 S 1) 2235 %5 ]
MEHESHe, =70, 7=(001). 7
iR A e (GAEy %0 /) Mife

r' = (sin8,0,cos )

O=r'-0=sin0d, +cosbé,

SREALER|+) , WEO|+) = |+)




X V. 25
r=(0,01) == 7 =(sind,0,cosH)

1T =) [+) =COS§|T) =+ sin§|l)

« —AEF AT T REH)O A e
» HEZS R AMER|T) B 6 /2 ek .




* Group is different, algebra is the same
* Locally isomorphic

MM -1

vz 1 =M )
2

+SU(2) Vs SO(3) N=2M=3

« SU(4) Vs S0(6) N=4M=6



Manifold of Lie group ™y (M)

The (first) homotopy([F]1£:) group m; (M) of a manifold M

Two closed curves in a manifold are said to be homotopic to each
other if they can be continuously deformed into each other.



S0(3) + TU(SO(3)) = Z, (W)

|

R(w,a) = R(—w, 21— )

a =m: the same element—one curve one jump
With evenjumps, can continuous deform to one point
odd jumps, can not ™



- t1(SU(2)) = ¢
u(w,a) = —u(—w, 21 — a)

a = m: different elements : the two points connected by the origin
in the sphere

* This topological consideration confirms what we already know, that
SU(2) is locally isomorphic to SO(3), but since SU(2) double covers
S0(3), they cannot possibly be globally isomorphic.
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