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Time reversal @

* Refs: P277 (Bt RHEERBREDIEFHIR A
P103 {quantum field theory in a nutshell) , A. Zee
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Most Inspiring demonstration:
J. J. Sakurai(Jun John, 1933-1982)

{Modern quantum mechanics)
{Invariance principle and elementary particles)
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Learning to teaching

* Wigner (1932) : “BY[8] RIEZS"FF A ELKE “time reversal”
— misnomer, “science fictions”

=" “reversal of direction of motion”
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At t = 0 /‘\
/ Reverse

Stop

—

P |t=0 —-p It=0

(a) (b)
FIGURE 4.9. (a) Classical trajectory which stops at =0 and (b) reverses its motion
Pli=0 = —Pli=o-



Newtonian mechanics

a*z =
m—z = F(Z)

Clearly if #(t) is a possible trajectory, then likewise so is Z( —t) since

Falling body vs  thrown upwards
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Wigner(1932,1959): out of dilemma

Jd L
ihalp(r, t) = HY(r,t)

lp(f‘: t) = ei(ﬁ'f—Ent)/h t > —t l/)(f'), t) — ei(ﬁ'f'l'Ent)/h
2 2
* Contradiction: f—mt,b(ﬁ t) = Epyp(7,t) ;’—mlp(ﬁ t) = —E, (7 t)
Introduce time reversed state OY(7,t) &

o~ i(BE—En(~0)/h _ pi(-p-E—Ent)/h

O |p) = |—p), E,, keep invariant!



* We require the probability of finding a particle which will be the same .

(YY) = (OyY|0Y)
We have two choices : [{@|¥)]| = [{Op|Oyp)]|

(p|Y) = (O@p|OY) (O unitary, keep inner product invariant)

(<p|1/1)* = (Y|p) = (O |OyY) (O anti-unitary: an extra complex conjugate)



Hermitian operator

= a generalization of a real number
Hermitian conjugate of [y)

Pt = (]
W "= 1y)

Why this requirement O = O (Hermitian, or self-adjoint) ?
a = (Y|0|Y) = Y|0T|Y) = a* (physical observable)
Generally, {¢|0|yY) = (|0 |p)*
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ih%gb(?, t) = Hy(r,t)

BEFANIE: ¢ —t
in L0 = Hy(7,—t), FHREEE T
ERFHME T, T

=SY'(F ) =9 (7, —DREREFIIE,
B2 T ERBEERODIRNENX, FifEEREMERTHERNRA

Oih W, b) = OHY (7, t)

d(t)
RO = UKERZMMNALERES, OBA7IME, 05NN HXENS
BEHEF Lt > —tHEXK,

. i oY (7, . N
£1= —iho ";g’t’)” — 238 = HOY(#, t)




[@,i%] = 0 match [@,H] =0
MR oY, t) =P (7, —t)

—V)EEHE, EHIEAAFTHT (ginsx)

By (7, - mEEER TENFEI.




Momentum
before reversal

Momentum Note:
Momentum before reversal &)

after reversal \ W / All the treatments
startat t =0
= \ o

(a): 0 -» 6t iH
mtm;/\aﬂﬁoto =0;t=46t) = (1 - 7&) ja)

RN “time reversal symmetry " requires
at t=-—-46t

\

at t=+6t

A

LH
. o (1-6t)6la) = @ |a,ty = 0;t = —5t)
1 _7& O|a) — after reversal

_ _lH
(a) @(1_%{(_&)) ) (b) =0 (1 7 ( 5t)) )

FIGURE 4.11. Momentum before and after time reversal at time =0 and 7 = + 1. (b): (=6t ->0) !

“reversal of motion”



(1-F6t)0lay =6 (1 -2 (=80)) |a)

—iHO = OiH

If O Isunitary, _pg = gpy
HO|n) = —OH|n) = —E,,0 |n)

Nonsensical!

4

® 1s anti-unitary — antilinear

—iHO = OiH = —iPH
HO = OH
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O(ap +bp) =a"0¢d + b*O¢

(09, 00) = (9, ) = (P, )"

* RAE (R&MERIAIL)

® = UK

Unitary * complex conjugate



The operation of time-reversal operator

Dual (,3|@|a> — <,B|(@|a>)

Corres- proof:

pondence ly) = ®T|B) @) = Oa), |,B) — @|,B),
ly) «l=BI&

(Bl & la) =(yla) =(aly) <mm |dentity from the antiunitary nature of @
=(alo ®" |p)
=
= {

alo @To~10|p) _ t p-11p
o8 (1@ o) = (alo ®' 071|7)

¥ Linear operator
Odd/even operator

For Hermitian observables: OAO~1 = +A
(BlA|a) = (@|0A6|B) (BlAla) = £(B|A|&)




* Expectation value
(alpla) = —(@|p|&)
OpO~—1 = —p
po |p’) = —Oplp") = —Op'|p") = —p'OIp")

O |p") = |-p') (up to a phase factor): |[—p') is the momentum
eigen-ket with eigenvalue —p’

(alx|a) = {@|x|a)
OxO~1 = x
O |x") = |x") (up to a phase)



* Check the fundamental commutation relation:

xi, 0|l ) =1ihd;| )

O [x;,pjl07 10| )= 0ihs;| )
[xi,—p;l@| )= —ihé;0| )

for angular-momentum operator,

Ui )| = iheidy

0jo~! = —]
* This Is consistent for spin-less system where | =1 X p



Wave function

|a). aspinless single — particle state
@) = [ @' )l
Ola) = fd?’x’ | Wx"|a)*
P(x') - PT(x')
Theorem : Suppose the Hamiltonian is invariant under time reversal and
the energy eigen-ket [n) is nondegenerate; then the corresponding
Energy eigen-tuction is real (or ,more generally, a real function times

a phase factor independent of x)
(x'[n) = (x"|n)”



The eigen-spinor of o+ 71

|

I

: Second
rotation

[

g -nX=X

f. = unit vector,
polar angle: f ; azimuthal angle:a

First

/\rotation

0 = (0y, Oy, 0;)

i = (cosfcosa, cosfisina, sinf3)

E) —ia/2
COS(2 e

- E) —ia)2
sm(2 e~ L&

FIGURE 3.3 Construction of o +fi eigenspinor.

X =



For spin-1/2 system — ,_.2° il = (0,0,1)
n o-n =o,
The first rotation, the operator : e "tSyP/h |+) . eigenvector of o,

1:  eigenvalue

The second rotation, the operator : e
e~iSza/h =iSyB/R| 1y = o=i0za/2 g=ioyB/2) )

_ 04 : . a : . P r1
—[COSE — 1 0,SIn E] [COS,B — 1L 0ySIN E] (0)

(el
- sin(g)e‘i“/2



Time reversal for a spin 2 system

. |7 +) = e—isza/he—isyﬁ/h |_|_>
+ 0 [ +) = e E 0 |4) = 7 |, ) ()

* |4+) is the initial state, the factor e~isza/he=isyB/M s the transformation
of |+), O directly operates on |+) , it is the requirement for TRS, we
expect |71; —)(compare to the argument in P271, (4.4.22-4.4.24)) ,

1 stands for an arbitrary
phase(a complex number of modulus unity)

|ﬁ; _) — e—isza/he—isy(n+ﬁ)/h |_|_>

® = UK



|[dentity

. exp( io- na) (o ﬁ)z (czx)z + (o ﬁ)z (5)4 B ]
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(;)—lw ) sin (3)



Time reversal for a spin 2 system

O = ne TSY/AK = U%K = —inoyK

Then we can check 0 |i; +) = e iS28/he~tsyB/h g | 1)

@e—isza/h — e—isza/h@ (1)

@e_iSyB _ e_isyﬁ/h@ (2) In (1)l — —i,Sy SZ — —SZ Sy

In (2): exponential factor
s real. And S, commute
with itself



* X(1;+) —> |7; +)

o -AX(M;+) = X(7;+), then
« —lo, X" (7; +) —> |71; —)

* Choosing S, representation

O(ci|+) + c_|—)) = +nc™|=) —ne*|+),
O%(ci|+) + c_|=)) = =[n|* ci|+) — [nl?c_|-)
= — (cy|+) +c_|—))

0% = —1 — kramers degeneracy



WERA

< [0,H] =0,  HY = EY,HOY = EOY),
OYEYI N EIFRBEEE.

Bigoy = ey (AIFWAEBEEN) , WF
Ol = Pe*Yy =e Y =Y > 0% =1
5607 = —148F /&, HUEREAREN, —E/HF.




The presence of K (complex conjugate) makes ¢
“anti-linear unitary.”

*leto =UK U-tiu=i, U Isthe unitary operator.
(1) for a spinless particle (U: phase factor )

O=K=0%=1
(2)odd number of electrons

0 = —io,K = 0% = -1

!

Kramers degeneracy
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En (k) = Eq (—E)

E(k)=E(k+K)

K - - K -
E(E—5k>:E<— +5k>:E<E+5k>

E (E)%u%%%ﬁ/\%ﬁ@*nzmﬁo .

Z A= [a PR A B A

K A& x, 2E

N =L

(a) k
E
: second allowed band
_____ B SR
e T ] 777777777 PR : AE
* A .
\ first allowed band
- (b) . k

Fig. 16.1. Simple E(k) diagram for a spinless electron illustrating both E(k) =
E(—k) and the zero slope of E(k) at the Brillouin zone boundary
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Group Theory

Application to the Physics
of Condensed Matter

412 16 Time Reversal Symmetry

E(k) E(k) E(k)
I' I I's

(a) (b) (c)

Fig. 16.2. Schematic example of Kramers degeneracy in a crystal in the case of:
(a) no spin—orbit interaction where each level is doubly degenerate (T, ]), (b) both
spin—orbit interaction and inversion symmetry are present and the levels are doubly
degenerate, (c) spin—orbit interaction and no spatial inversion symmetry where the
relations (16.23) and (16.24) apply

Eni(k) = B, (—k) (16.23)

En (k)= E,(—k) . (16.24)



Back to wave mechanics

2

ih%l[)(x, t) = <—h—V2 + V)t/)(x, t)

2m

W(x, t) = u,(x)e Ent/h P*(x, —t) = u,*(x)e Ent/h

If at t = 0 the wave function Is given by

Y = (x|a), then
OY=(x|a)’



In the spin-less case |
P Variance or constant ? t, At

02y gPEFBD YO Y (ct+AD) —y' ()
ot At At
A Gl \2) Rl A G s G

=——0
—At ot v

ot
. . 0
Oi=—i0, 05 =-20 [@,i%]:o
OY(r,t) = P (¥, —t),

Oet|a) = e tO |a) (here, HO = OH )



Kramers’ theorem

which states that the energy levels of a time-reversal invariant system with an
odd number of electrons are n-fold degenerate where n is even({B%%).

* Essentially the energy levels come in pairs of Kramers doublets, and you can
only split these pairs by Hendrik Kramers (1894—1952) introducing a
perturbation that breaks time-reversal, such as a magnetic field.
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Learning to teaching
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“The essence of education means that
one tree shakes another tree,

one cloud pushes another cloud,

and one soul awakens another soul.”

----- German philosopher Karl Theodor Jaspers,
{What is education)

Best way to learn is to learn from the best



