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We study the entanglement properties of non-Hermitian free fermionic models with translation
symmetry using the correlation matrix technique. Our results show that the entanglement entropy
has a logarithmic correction to the area law in both one-dimensional and two-dimensional systems.
For any one-dimensional one-band system, we prove that each Fermi point of the system contributes
exactly 1/2 to the coefficient c of the logarithmic correction. Moreover, this relation between c and
Fermi point is verified for more general one-dimensional and two-dimensional cases by numerical
calculations and finite-size scaling analysis. In addition, we also study the single-particle and density-
density correlation functions.

I. INTRODUCTION

Entanglement plays a significant role in various fields,
including quantum information, quantum gravity, statis-
tical physics, and condensed matter physics1–3. Espe-
cially, it has become an important concept to under-
stand and characterize phases of matter in condensed
matter physics4–6. In the past decades, much inspiring
progress has been made in understanding the entangle-
ment properties of quantum phases and quantum phase
transitions1,2,7–10. For instance, the bipartite entangle-
ment entropy (EE), as a quantitative measurement of en-
tanglement, demonstrates many universal behaviors for
different quantum states. It has been shown that the
EE of the ground state usually obeys the area law for
local gapped systems1,2,7–10. In particular, for a gapped
topological ordered state, the EE has an extra universal
constant correction, namely topological entanglement en-
tropy, which has become the important quantity to char-
acterize topological order1–6. While for a gapless system,
the EE of the ground state usually has logarithmic cor-
rection besides the area law1–3,11–14. Especially for a lot
of one-dimensional (1D) quantum critical systems, their
entanglement properties can be well understood via the
conformal field theory (CFT), and the EE is closely re-
lated to the conformal anomaly3,15.

In recent years, the non-Hermitian systems are re-
ceiving increasing attention from different research
communities16–23. This research upsurge is driven by
the breakthrough from experiment and theory. Ex-
perimentally, non-Hermitian systems already have been
implemented in photonic crystals, biological systems,
mechanical systems, quantum optical systems, etc23–32.

Theoretically, many unique properties absent in Her-
mitian systems have been revealed, including non-
Hermitian skin effect, modified bulk-boundary corre-
spondence, generalized topological phases, new non-
Hermitian universalities23,33–51, and so on.

There have been some significant and pioneering re-
searches focusing on the entanglement properties in the
non-Hermitian systems52–60. However, many crucial
problems yet need to be explored intensively. For exam-
ple, the interplay between the EE and the Fermi surface
remains elusive for the non-Hermitian fermionic systems,
especially in two and higher dimensions. Also, for the
general properties of the EE in non-Hermitian systems,
it is unclear to what extent they retain compared to those
in the Hermitian cases. These problems motivate us to
systematically explore the exotic properties of the EE in
non-Hermitian systems.

In this paper, we use the correlation matrix technique
to systematically investigate the general properties of the
EE in the non-Hermitian free fermionic systems. We
analytically prove that the EE of 1D one-band systems
obey the area law with a logarithmic correction and each
Fermi point exactly contributes 1/2 to the coefficient c
of the logarithmic correction. These properties of the
EE are numerically confirmed in more complicated 1D
multi-band systems and higher dimensional systems.

The remaining parts are organized as follows. In
Sec. II, we introduce the definition of the EE in the
non-Hermitian systems and related calculation methods.
In Sec. III, we present the exact results of the EE of
one-band systems in one dimension. In Sec. IV, we ex-
tend our considerations to 1D multi-band model and
two-dimensional (2D) systems. Finally, we summarize
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in Sec. V.

II. METHOD

A. Diagonalization of Non-Hermitian Fermionic
Systems

The Hamiltonian of a general non-Hermitian free
fermionic model is expressed as

H =
∑
ij

c†iHijcj , (1)

where Hij denotes a hopping matrix element. The asym-
metry ofHij under the exchange of i and j leads to the re-
sult that Hij can not be diagonalized by a unitary trans-
formation like Hermitian systems. However, one can still
diagonalize it with a general matrix U , namely,

H =
∑
m

εmf
†
RmfLm, (2)

where the left and the right fermionic modes are respec-
tively

fLm =
∑
j

U−1
mj cj , f†Rm =

∑
i

c†iUim. (3)

It is worth noting that the significant difference between
a non-Hermitian system and a Hermitian system lies in

that f†Lm 6= (fRm)† due to U−1 6= U† . However, the
anti-commutation relations still hold,

{f†Rn, fLm} = δmn, {f†Lm, f
†
Ln} = {fRm, fRn} = 0. (4)

Since the energy εm in a non-Hermitian system is not
necessarily real, the definition of the ground state is still
controversial. One way to construct the left and right
ground state is filling up the levels whose real part of the
energy is less than the certain Fermi energy εF (referred
to the RF case)53,55

〈GL| = 〈0|
∏

Re(εm)<εF

fLm, |GR〉 =
∏

Re(εm)<εF

f†Rm|0〉,

(5)
here |0〉 denotes the vacuum state. Similarly, to study
how the geometry of the Fermi surface affect the entan-
gelement entropy, we can also define a different ground
state by filling up the levels according to the imaginary
part of the spectra Im(εm) < εF (referred to as the IF
case).

B. Entanglement entropy and correlation matrix
technique

Usually, the EE of the ground state of a system can be
computed by the reduced density matrix (RDM). To be
concrete, the entanglement entropy

S = −Tr[ρA log ρA], (6)

where ρA = TrA(ρ) is the reduced density matrix of a

subsystem by tracing out the environment part A.

For a non-Hermitian system, there are usually three
types of density matrix since the left eigenstates is not
conjugate to the right ones. The first definition of the
reduced density matrix is the right density matrix ρRR,
which is defined as

ρRR =
|GR〉〈GR|

Tr(|GR〉〈GR|)
. (7)

Similarly, the second definition is the left density matrix
ρLL, replacing |GR〉 with |GL〉. The last definition is the
biorthogonal density matrix ρRL

ρRL =
|GR〉〈GL|

Tr(|GR〉〈GL|)
. (8)

The ρRL corresponds to biorthogonal quantum mechan-
ics, which forms a self-consistent theoretical framework
for non-Hermitian systems61. Thus, we only consider the
EE calculated with the ρRL in this paper.

There are usually three methods to calculate the re-
duced density matrix, including the singular value de-
composition(SVD) method, the correlation matrix tech-
nique, and the overlap matrix method55,62,63. Specif-
ically, the SVD method often encounters the so-called
exponential-wall problem and hence only applies to small
systems. By contrast, the computational cost of the lat-
ter two methods only increases polynomially with the
system size. In addition, the overlap matrix method is
similar to the correlation matrix technique. In the fol-
lowing, we will review the correlation matrix technique.
The correlation matrix is defined as53,55

CAij = 〈GL|c†i cj |GR〉 =

Ne∑
m=1

U−1
miUjm, (9)

where i and j are the sites inside subsystem A, and Ne
is the number of occupied states whose energies satisfy
Re(εm) < εF for the RF case (Im(εm) < εF for the IF
case). Then the reduced density matrix ρA for subsys-
tem A can be calculated directly from the above corre-
lation matrix CA by the Wick theorem53,55. Then the
entanglement entropy S of subsystem A can be obtained
by14,62,63

S = −
∑
m

[
ζm log ζm + (1− ζm) log(1− ζm)

]
, (10)

where ζm is the eigenvalue of the correlation matrix
CAij . In general, the entanglement spectra of the non-
Hermitian system are complex. However, for all the mod-
els studied in this work, we observe that ζm is real by
careful scaling analysis (there is an extremely small imag-
inary part that gradually vanishes with the system size
increases, as shown in Fig. 2).
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III. EXACT RESULTS OF 1D NON-HERMITIAN
FREE FERMIONIC SYSTEM

For one-dimensional Hermitian non-interacting gapless
systems, the EE has been well understood by CFT. How-
ever, to our knowledge, there is no relevant exact result
or general theory about the EE in the non-Hermitian free
fermionic systems. In this section, we present the exact
results for a general 1D non-Hermitian Hamiltonian H
with only one energy band and periodic boundary. H
here can contain general long-range hopping terms and
subsequent arbitrary complicated Fermi surface struc-
tures. Generally, the Fermi surfaces can be separated

into many separate parts FS =
⋃Nf/2
i=1 [k2i−1, k2i], where

Nf is the number of Fermi points, and the momentum of
Fermi points satisfies 0 < k1 < k2 < . . . < kNf < 2π.

The one-band Hamiltonian can be directly diagonal-
ized by the unitary Fourier transformation Ujp = 1√

N
eipj .

Then in the thermodynamic limit, the correlation matrix
shown in Eq. (9) can be written as

CAij =

∫
occ.

dp

2π
e−ip(i−j), (11)

in which occ. denotes the occupied momentum points.
The eigenvalues of the correlation matrix CA are ob-
tained by evaluating the characteristic polynomial of
det (λI − CA)13, where

(λI − CA)ij =

∫ 2π

0

dp

2π
g(p)e−ip(i−j) (12)

and the kernel function g(p) are defined as follows64

g(p) =
{ λ− 1 p ∈ occ.,

λ otherwise.
(13)

The g(p) can also be factorized to an analytic function
ψ(p) and Nf periodic functions tβr,kr (p), namely,

g(p) = ψ(p)

Nf∏
r=1

tβr,kr (p), (14)

where βr = (−1)rβλ by defining

βλ =
1

2πi
log

(
λ− 1

λ

)
, (15)

and kr is the momentum of r-th Fermi point. Besides,
ψ(p) is denoted as

ψ(p) = λ

Nf/2∏
l=1

(
λ− 1

λ

) k2l−k2l−1
2π

(16)

with

tβr,kr (p) = exp[iβr(mod(p− kr, 2π)− π)]. (17)

Within this formalism, the characteristic polynomial of
the correlation matrix Eq. (12) can be obtained via the
Fisher-Hartwig theorem65,66

DL(λ) =
∏
i 6=j

[1− ei(ki−kj)]βiβj [GB(1 + βλ)GB(1− βλ)]Nf

λNf/2∏
l=1

(
λ− 1

λ

) k2l−k2l−1
2π

L L−βλ2Nf , (18)

where L is the system size and the GB(z) is the Barnes
G-function defined as

GB(1 + z) =(2π)z/2 exp[−(z + 1)z/2− γEz2/2]
∞∏
n=1

(1 + z/n)n exp[−z + z2/(2n)] (19)

with γE is the Euler constant. Eventually, the EE can
be evaluated from the above characteristic polynomial of
the correlation matrix as13,67

S =
1

2πi

∮
C
W (λ)d logDL(λ), (20)

where W (λ) = −λ log λ− (1− λ) log(1− λ) and C is the
contour circling the interval [0, 1] in the real axis of the
complex plane in the anticlockwise direction.

The explicit calculation13 shows that the leading di-
vergent term of S increases logarithmically with L. This
term is solely determined by the power of L in Eq. (18).
Thus the asymptotic formula for the EE reads

S =
c

3
log(L) +O(1), (21)

where c =
Nf
2 in the thermodynamic limit L→∞.

It seems that the EE for the 1D multi-band or higher-
dimensional free fermionic systems can also be achieved
by analyzing the correlation matrix. However, it will be-
come extremely challenging, because in those cases the
correlation matrices turn out to be block-Toeplitz ma-
trices. As a result, one can no longer use the Fisher-
Hartwig theorem to analyze the EE. We take the 2-
sublattice model defined in Eq. (22) as an example to
explain the above statement and one can find the details
in Appendix[A]. The rigorous mathematical proof is still
absent for the general case. Do the entanglement prop-
erties like Eq.(21) still hold? We attempt to address this
issue by numerical simulation.

IV. NUMERICAL RESULTS

In this section, by the numerical simulations, we inves-
tigate the entanglement properties of the more general
systems with periodic boundary conditions, including 1D
multi-band free fermionic systems and 2D non-Hermitian
free fermionic systems.
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FIG. 1. (a) Schematic diagram of the model in Eq. (22), where
the dashed box represents a unit cell. The non-Hermitian and
Hermitian bonds are colored blue and black, respectively. (b-
d) show the partition boundary for the bipartite entanglement
entropy for the 1D chain, the quasi-one-dimensional (quasi-
1D) ladder, and the 2D lattice. The system A and the envi-
ronment A are partitioned by the red line.

A. 1D System

Firstly we consider a 1D spinless fermions model with
n-sublattice as shown in Fig. 1(a),

H =

L∑
i=1

(tLi c
†
i ci+1 + tRi c

†
i+1ci), (22)

with the hopping constants{ tLi = tL, tRi = tR, if i = l(n− 1) + 1,

tLi = tRi = t, otherwise.
(23)

Here l denotes the l-th unit cell, t = 1, tL = 1 + γ/2,
and tR = 1− γ/2. The total number of sites is L = nNc,
where n denotes the number of sites in a unit cell, Nc is
the number of the unit cell.

1. Entanglement Entropy

We present the results of the bipartite entanglement
entropy for the subsystem A here. The subsystem con-
tains consecutive L/2 sites as shown in Fig. 1(b). Accord-
ing to Eq. (10), the EE is closely related to the spectra
of the correlation matrix. As shown in Fig. (2), we find
that the imaginary part of the spectra of the model de-
scribed by Eq. (22) at the half-filling case is very small
and vanish with the increase of the system size. More-
over, all the other cases discussed in this paper have the
same behavior, which ensures that the EE is well-defined.

When n = 2, the model reduces to the well-known non-
Hermitian Su-Schrieffer-Heeger (SSH) model68–74. At
the half-filling case, the number of Fermi points of this
SSH model will change as γ increases, as shown in the
inset of Fig. 3(a) and Fig. 3(b), thus the system under-
goes a Lifshitz phase transition. Meanwhile, S signals
this phase transition and change dramatically across the
critical point γc. The behaviors of the EE are different
for the two kinds of definitions about the ground state.

(a) (b)

FIG. 2. The imaginary part of the sub-system correlation
matrix eigenspectra for the half-filling 2-sublattice model de-
scribed by Eq. (22). (a) The imaginary part of the correlation
matrix eigenspectra for a L = 200 chain. (b) The finite-size
scaling of the maximal imaginary part for the correlation ma-
trix eigenspectra.

In the RF case, the EE increases significantly at γ > γc
since the number of Fermi points doubles. In the IF case,
the EE becomes exact zero due to the point that the sys-
tem becomes an insulator without any Fermi point.

Furthermore, we analyze the finite-size scaling of the
EE as shown in Fig. 3(c). Except for the insulator

(b)

(d)

(a)

(c)
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FIG. 3. The entanglement entropy and c for the 2-sublattice
model described by Eq. (22) at the half-filling case. The en-
tanglement entropy as a function of γ for the RF case (a)
and IF case (b), where L = 1200. The insets show the typ-
ical energy spectra, in which the solid (dashed) line denotes
the occupied (unoccupied) states. The energy spectra are
demonstrated on both sides of the transition point. (c) The
logarithmic fitting of the entanglement entropy. (d) c as a
function of γ from the logarithmic fitting.
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FIG. 4. (a) c versus γ for the 1/4-filling 2-sublattice model
described by Eq. (22). (b) c versus γ for the half-filling 3-
sublattice model Eq. (22). The insets show the energy spec-
tra, in which the solid (dashed) line denotes the occupied
(unoccupied) states.

state, we find that the scaling behavior accurately sat-
isfies the logarithmic function Eq. (21). Besides, c is
proportional to the number Nf of Fermi points as shown
in Fig. 3(d), except near the transition point (the excep-
tional point), where strong singularity exists. Thus the
above results provide strong evidence that the asymp-
totic formula Eq. (21) is still valid for general 1D non-
Hermitian free fermionic systems.

To confirm this point, we study the cases with differ-
ent fillings of the model described by Eq. (22), which
form a more complicated structure of the Fermi surface.
Fig. 4(a) shows the results of c change with γ in the
1/4-filling case, where the model is the Eq. (22) with 2-
sublattice. As shown in the inset of the Fig. 4(a), with
γ increases, the Fermi sea splits into two pieces, and the
number of Fermi points doubles. As a result, one can
observe that c changes from c = 1 to c = 2 and keep the
proportional relation on the number of Fermi points. For
the half-filling case of the 3-sublattice model described
by Eq. (22), the proportional relation is varified again,
as shown in Fig. 4(b).

To conclude, the EE is proportional to the logarithmic
of the system size, and c is equal to half of the number
of Fermi points.

2. Eigenspectra of the Correlation Matrix

To find the source of contribution to the EE, we an-
alyze the general properties of eigenspectra ζi and the
eigenstates vL,R of the correlation matrix CA. Similar
to the Hermitian fermion system, most ζi are close to
0 or 1, which do not contribute to the EE, as shown in
Fig. (5)(a). We present the real-space distribution of the
left and the right eigenstates of CA in Fig. (5)(c) and
Fig. (5)(d). One can find that the typical eigenstates
with 0 or 1 spectrum mainly distribute in the bulk of
A. They decrease dramatically when approaching the
boundary of subregion A. The typical eigenstates which
make the main contribution to the EE, locate predomi-

nately near the boundary. It is consistent with the con-
clusion from the Hermitian case, where the eigenstate
which contributes to the EE carries the entangled pairs
across the boundary63. Due to the entangled pairs, the
related eigenstates must have a large magnitude near the
boundary. While the entangled pairs are absent in the
eigenstates with spectrum 0 or 1, leading to the main
distribution in the bulk. For comparison, we present the
eigenstates of the Hermitian systems in Fig. (5)(b).

B. 2D System

We continue to discuss the entanglement properties of
two-dimensional (2D) non-Hermitian free fermionic lat-
tice models. The 2D model is a generalization of the
above 1D model. This 2D Hamiltonian on the square
lattice reads

H2D =
∑
i,j

[
(c†2i,jc2i+1,j + c†j,2icj,2i+1 + h.c.)

+ tL(c†2i−1,jc2i,j + c†j,2i−1cj,2i)

+ tR(c†2i,jc2i−1,j + c†j,2icj,2i−1)
]
, (24)

where tL = 1 + γ
2 and tR = 1− γ

2 .

(b)(a)

(d)(c)

FIG. 5. (a) The eigenspectra of the correlation matrix de-
fined on subsystem A in Hermitian(circle marker) and non-
Hermitian(triangle marker) free fermionic system. (b) The
real-space distribution of the eigenstate |v| of the correlation
matrix in the Hermitian case. (c-d) The real-space distribu-
tion of the left eigenstate (|vL|) and right eigenstate (|vR|)
respectively in the non-Hermitian case. The Hermitian sys-
tem in (a) and (b) is the free fermionic chain with the nearest
neighbor hopping, and the non-Hermitian system in (c) and
(d) is the half-filling 2-sublattice model described by Eq. (22).
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Before focusing on the true 2D case, we discuss the
following quasi-one-dimensional case: the Ly = 4 ladder
with 1/4-filling. As shown in Fig. 6(a) and Fig. 6(b), this
model has more complicated structures of energy spec-
tra. The number of Fermi points changes from Nf = 6
to Nf = 10 then Nf = 16 with the increase of γ. Be-
sides, from the logarithmic fitting of the S with Lx, it
is shown again that c is equal to half of the number of
Fermi points, sees in Fig. 6(c). We further study the be-
havior of c with the increase of width Ly in the half-filling
case. In Fig. 6(d), it is observed that c is proportional to
the number of Fermi points Nf regardless of the param-
eter γ = 3.5 or 5.0. These results again confirm that the
finite-size scaling behavior of the EE obeys the logarith-
mic form in Eq. (21) and c is equal to Nf/2, irrelevant
to the detailed energy spectra structure.

Finally, we study the EE between a l× l subsystem A
and the other part Ā of the square lattice as shown in
Fig. 1(d). It is expected that the entanglement entropy
should depend on both the subsystem size l and the to-
tal system size L. We first analyze the scaling behavior
of the total system size L for a given subsystem size l.
Then from the extrapolation, we obtain S(l) as shown
in Fig. 7(a). Eventually, we find that the EE S(l)/l in-

(b)

(d)

(a)

(c)

FIG. 6. The entanglement entropy for the ladder described
by Eq. (24). The energy spectra for the 1/4 filling Ly = 4
ladder at γ = 3.5 (a) and γ = 5.0 (b), in which the solid
(dashed) line denotes the occupied (unoccupied) states. (c) c
from the logarithmic fitting for the 1/4-filling Ly = 4 ladder
as a function of γ. (d) c from the logarithmic fitting as a
function of the number of Fermi points Nf for the half-filling
case. There are approximate relations between Nf and Ly:
Nf ≈ 3Ly(Nf ≈ 4Ly) at γ = 3.5(γ = 5.0) when Ly is large.

(b)(a)

FIG. 7. The entanglement entropy of the 2D model defined
by Eq. (24) for the real half-filling ground state. (a) The
extrapolation of the entanglement entropy for a given l × l
subregion with l = 20. (b) The logarithmic fitting for S/l to
the subsystem size l.

creases linearly with log(l) as shown in Fig. 7(b), namely

S ∼ l log(l). (25)

This result is similar to that of the 2D Hermitian free
fermionic system with a finite Fermi surface11.

C. Correlation functions

In Hermitian free fermion systems, there are close con-
nections between the entanglement and the correlations
of scaling operators1,8,10. The important entanglement
information of low energy physics is encoded in the corre-
lations. Thus, it is important to explore the correlations
in the non-Hermitian systems. Specially, we study the
single-particle and the density-density correlation func-
tion of the metallic states with Fermi points and insu-
lating states without Fermi points. The single-particle
correlation function G(rij) is nothing but the correlation
matrix CAij , and the density-density correlation function
is expressed as

Gn(r) = 〈GL|n1 nr+1|GR〉 − 〈GL|n1|GR〉〈GL|nr+1|GR〉,
(26)

where 〈GL| and |GR〉 indicate the left and the right
ground state. According to Wick’s theorem, the
density-density correlation functions can be decomposed
into two single-particle correlation functions Gn(r) =

〈GL|c†1cr+1|GR〉〈GL|c1c†r+1|GR〉. As results, the corre-
lation function of a metallic state shows a power-law be-
havior, whereas the correlation function of an insulating
state decays exponentially, as shown in Fig. 8. In Ta-
ble I, we present the scaling dimensions ∆ and ∆n of the
fermion operator and the density operator, respectively,
from the following power-law fittings

|G(r)| ∼ r−2∆, |Gn(r)| ∼ r−2∆n . (27)

Note that ∆ should be regarded as the average of the

scaling dimensions of the cL and c†R operators since they
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(b)

(d)

(a)

(c)

FIG. 8. The correlation functions for the 2-sublattice model
defined by Eq. (22) at half-filling. (a) Power-law and (b) expo-
nential fitting for the single-particle function. (c) Power-law
and (d) exponential fitting for the density-density correlation
function.

TABLE I. The scaling dimension of the fermion (∆) and den-
sity operator (∆n)

γ = 3.0, RF γ = 5.0, RF γ = 3.0, IF

∆ 0.50 0.50 0.46

∆n 0.99 1.08 0.96

are not conjugate to each other. Interestingly, the scal-
ing dimensions evaluated from the power-law fitting are
approximate to be ∆ = 1/2 and ∆n = 1, which are the
same as that of the Hermitian free fermions.

V. SUMMARY

We have investigated the entanglement properties of
the non-Hermitian free fermionic models in one and two
dimensions. For the one-band model, we prove that the
EE increases logarithmically with the system size L and
each gapless mode contributes 1

2 to the coefficient c of

the logarithmic correction. These results are numerically
confirmed for more general non-Hermitian free fermionic
systems with more complicated energy spectra in both
one and two dimensions. They hold for both the RF and
IF types of ground states, which reveals that the entan-
glement entropy is only dependent on the geometry of the
Fermi surface. Analyzing the spectra and eigenstates of
the subsystem correlation matrix, we illustrate that the
EE comes from the entangled pairs across the boundary.
In addition, we extract the scaling dimensions of fermion
and density operators by the correlation functions.

Our work could promote the understanding of the en-
tanglement properties in general non-Hermitian systems.
On the one hand, it provides a reference to explore the en-
tanglement properties in interacting non-Hermitian sys-
tems. It would be very intriguing to explore whether
these properties found in this paper still hold when the
interaction is included. On the other hand, the entangle-
ment results here are very similar to that of the Hermitian
case, which may serve as an inspiring example to seek
the potential deep connections between non-Hermitian
and Hermitian systems. Still, there are some issues to
be resolved. The ground states of these models some-
how possess real entanglement spectra. It is natural to
pursue what the restrictions are to guarantee the real en-
tanglement spectra for the non-Hermitian free fermions.
Another follow-up question is how to define the EE when
the complex entanglement spectra occur. We leave these
open questions for future study.
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29 M. Lebrat, S. Häusler, P. Fabritius, D. Husmann, L. Cor-
man, and T. Esslinger, Physical review letters 123, 193605
(2019).

30 H. Schomerus, Optics letters 38, 1912 (2013).
31 B. Zhen, C. W. Hsu, Y. Igarashi, L. Lu, I. Kaminer,

A. Pick, S.-L. Chua, J. D. Joannopoulos, and M. Soljačić,
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Appendix A: Non-Hermitian free fermions with
translational symmetry

For translational invariant free fermionic models with
periodic boundary conditions, the Hamiltonian can be
transformed to block matrix via unitary transforma-
tions. For each momentum k, the Hamiltonian of the
n-sublattice models defined in (22) should be a n × n
matrix. One may transform the origin fermion operators
to the new fermion operators c̃m by unitary transforma-
tion

cj =
∑

m
Fjmc̃m. (A1)

Here m = 1, ..., N − 1, N and the unitary transformation

Fjm = N−1/2 exp

[
−2πi(m− 1)(j − 1)

N

]
. (A2)

Take the 2-sublattice model Eq. (22) for example, the
block matrix H ′ = F †HF is read as

H ′ =

(
H
′

A −H
′

B

H
′

B −H
′

A

)
, (A3)

where

[H ′A]p,q = δp,qA(kq),

[H ′B ]p,q = δp,qB(kq) (A4)

and

A(kq) = (t1 + t2) cos(kq)− i
γ

2
sin(kq),

B(kq) = i(t2 − t1) sin(kq) +
γ

2
cos(kq) (A5)

with kq = 2π(q−1)
N .

Then the spectra are directly obtained by diagonalizing
(A3). To be compact, the spectra, the corresponding
left, and right eigenvectors are arranged in matrixD,L,R
such that LDR = H ′. The spectra

D =

(
−D 0

0 D

)
, (A6)

with

Dpq = δp,q

√
A(kq)2 −B(kq)2 (A7)

is denoted as

D(kq) = Dqq. (A8)

The corresponding right eigenvectors are written as

L =

(
L−− L−+

L+− L++

)
(A9)

with [
L−±

]
p,q

= δp,qnq [A(kq)±D(kq)] ,[
L+±]

p,q
= δp,qnqB(kq). (A10)

The left eigenvectors are expressed as

R =

(
R−− R−+

R+− R++

)
(A11)

with [
R±−

]
p,q

= ±δp,qnqB(kq),[
R±+

]
p,q

= δp,qnq (D(kq)∓A(kq)) . (A12)

Where p, q = 1, 2, .., N/2 and normalized factor nq =

[2B(kq)D(kq)]
−1/2. Here, δpq is the Kronecker delta func-

tion.
Then the correlation matrix can be represented by the

matrix L,R, and U and reads

CAmn =
∑

1≤p,s≤N
q∈S

FnpLpqRqsF
†
sm. (A13)

It will become extremely challenging to analytically cal-
culate the EE for the 2-sublattice model defined by
Eq. (22). The reason is that the correlation matrix here
turns out to be a block-Toeplitz matrix in the continuous
limit67,75,76. We have

CAmn =
1

2π

∫ π

0

dp ei2p(m−n)T (p) (A14)

with 2× 2 blocks defined by

T (p) =

(
1 −eipt(p)

−e−ip/t(p) 1

)
. (A15)

Here,

t(p) = sign(p)

(
A(p) +B(p)

D(p)

)
(A16)

with the sign function

sign(p) =
A(p)2 +A∗(p)2 −B(p)2 −B∗(p)2

|A(p)2 +A∗(p)2 −B(p)2 −B∗(p)2|
. (A17)

http://dx.doi.org/10.1103/PhysRevB.22.2099
http://dx.doi.org/10.1103/PhysRevB.22.2099
http://dx.doi.org/10.1103/RevModPhys.60.781
http://dx.doi.org/10.1103/PhysRevLett.121.026808
http://dx.doi.org/ 10.1103/PhysRevA.97.052115
http://dx.doi.org/ 10.1103/PhysRevA.97.052115
http://dx.doi.org/10.1103/PhysRevB.97.045106
http://dx.doi.org/10.1103/PhysRevLett.123.066404
http://dx.doi.org/10.1103/PhysRevLett.123.066404
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Notice that the symbol of this block-Toeplitz matrix is

ψ(z) =

√
z(t2z + t1 + γ/2)

(t1 − γ/2)z + t2
, (A18)

which is not homomorphically defined on the whole Rie-
mann surface67. However, we can take a detour to calcu-

late the entanglement entropy by numerical calculation.
In general, the correlation matrix of other models such

as general n-sublattice models defined by Eq.(22) and
two-dimensional models defined by Eq.(24) can be de-
rived similarly. As expected, one would still encounter
the same fatal problem in the 2-sublattice model here
during the analytical deduction. But the numerical sim-
ulation for the entanglement entropy from the correlation
matrix CA is still feasible.
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